MOMENT INEQUALITIES FOR EQUILIBRIUM MEASURES IN THE 

PLANE 



A. BAERNSTEIN II, R. S. LAUGESEN, AND I. E. PRITSKER 

ABSTRACT. The equilibrium measure of a compact plane set gives the steady 
state distribution of charges on the conductor. We show that certain moments 
of this equilibrium measure, when taken about the electrostatic centroid and de- 
pending only on the real coordinate, are extremal for an interval centered at the 
origin. This has consequences for means of zeros of polynomials, and for means 
of critical points of Green's functions. 

We also study moments depending on the distance from the centroid, such as 
the electrostatic moment of inertia. 

Dedicated to our friend Fred Gehring, on the occasion of his 80th birthday. 

1. Introduction 

Let K be a compact non-polar subset of the complex plane C, and fix be its 
equilibrium measure. For functions <fi : K — > R, the integral 

/ <p(z)dfi K (z) 
Jk 

is called the <j) moment of K, or of the probability measure \ik- For example, when 
<f)(z) = \z\ 2 the 4> moment is the moment of inertia about the origin. 

In this paper we take up some problems involving maximizing or minimizing <fi 
moments when satisfies certain conditions. In all of our results the competing 
sets K will have the same logarithmic capacity, which, as a normalization, we take 
to be 1. That is: 

cap (if) = 1. 

And we shall usually take the conformal centroid f K zdfxx(z) of K to he at the 
origin: 

/ zdfi K (z) = 0. 
Jk 

In all of our results, the extremal qb moment will be achieved by a line segment of 
length 4. When sets in the class have conformal centroid at the origin, the interval 
L defined by 

L=[-2,2] 
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will be among the extremals. 

In our two main results the function <f) will in fact depend only on the real part 
of z. Here are those results. 

Theorem 1. Suppose K C R is compact with capacity c&p(K) = 1, and that its 
conformal centroid is at the origin. Then for every convex function (f) : R — > R, we 
have 



Moreover, if K\L has positive capacity and the restriction of (j) to L is not a 
linear function, then strict inequality holds. 

Theorem 2. Suppose K C C is compact and connected with capacity cap(iT) 

, and that its conformal centroid is at the origin. Then for every convex function 
(j) : R — ► R, we have 



Moreover, if K ^ L and the restriction of (j) to L is not a linear function, then 
strict inequality holds. 

Theorem Q] says that among all compact sets on a line with the same conformal 
centroid and the same capacity, the least spread out set, as measured by convex 
integral means, is a single interval. Contrary-wise, Theorem [2] says that among all 
plane continua with the same conformal centroid and the same capacity, the single 
interval is the most spread out. 

For a lower estimate applicable in both Theorems Q] and |2j we observe 



by Jensen's inequality, whenever K is compact with conformal centroid on the 
imaginary axis (Re j K z d\iK{z) = 0) and 4> is convex. Equality is attained when- 
ever K is contained in the imaginary axis. Theorems Q] and |2] also require only that 
the conformal centroid be purely imaginary, but, for brevity, we shall continue to 
assume the conformal centroid is at the origin. 

The proof of Theorem[2]is modeled on the proof of a theorem of Baernstein Q, 
p. 139, about maximizing integral means in certain classes of univalent functions 
in the unit disk. The novelty in the present Theorem |2] is that instead of working 
with symmetric decreasing rearrangements on circles, as in Q, one must devise 
a "*-function" appropriate to "symmetric increasing rearrangements" of functions 
defined and unbounded in all of R. The proof of Theorem Q] follows the same 
general strategy as that of Theorem |2l but is simpler, in that no functions need to 
be rearranged. 

Theorem Q] is motivated by considerations in number theory; it will be proved 
in $3] Some consequences will be presented in <@] Theorem [2j to be proved in ^5) 
arose in an attempt to prove a conjecture stated in <|6] The conjecture asserts, when 
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both 4> and cj>' are convex, that 




(1) 



provided K is compact and connected with cap (if) = 1 and with its conformal 
centroid at the origin, and with the origin belonging to if. If true, the conjec- 
ture would prove a conjecture of Pommerenke [14 ] about integral means of univa- 
lent functions in the class So, and would also prove a conjecture of Pritsker and 
Ruscheweyh iTTTTl about lower bounds for factors of polynomials. 

We will present an example showing that (Q]) is false within the class of all 
convex functions. But if we add to K the assumption, stronger than having the 
conformal centroid at the origin, that if is symmetric with respect to the origin, 
then £[} is true for all convex <fi. This is Corollary 16.31 It follows from Theorem l6.2l 
which restates a result of Laugesen ifTTl (and which is itself a consequence of 
Baernstein's integral means result, Theorem 1 in [|2]]). 



For potential theoretic notions we shall mostly follow the approach in [18]. Let 
if be a compact subset of C, and if c be the complement of if on the Riemann 
sphere C. For a measure fi compactly supported in C, the energy 1(h) is defined 
to be 1(h) = f KxK log \z — C| dfi(z) dfi(Q. If 1(h) = — oo for every \x supported 
on if then if is said to be polar. If if is non-polar, then there is a unique proba- 
bility measure hk on if, called the equilibrium measure of if, which maximizes 
1(h) over all probability measures h on if- Clearly I(hk) is a finite real number, 
because if is bounded. The capacity cap(if) of if is defined to be e I ^ K \ For 
polar if, define cap(K) = 0. A general set E is said to be polar if cap(-ftT) = 
for every compact K C E. 

For non-polar K, denote by g the equilibrium potential of K. Then 



Put 5(00) = +00. Then g is harmonic in K c except at 00, where g(z) = log \z\ + 
o(l). By Frostman's Theorem f lTTSl . p.59), 



everywhere in C, with equality on K \ E for some polar set E. The potential g is 
related to the Green's function of K c with pole at 00 by 



2. Potential theoretic preliminaries 




9 > I(hk) = logcap(iv') 



g(z) = log cap (if) + g(z, 00, K c ) 



zeC. 



See ED, pp.107, 132. 
Set 



B(R) = {z G C : \z\ < R}, M(R) = {z G C : \z\ < R} 



and let 



n Jk 

In particular, a\ is the conformal centroid of K. 




n > 1. 
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Suppose that K C M(R). In the definition of g, take \z\ > R and expand the log 
in powers of \(\ < R. We obtain 



OO 



g(z) = log | z | - Re^2a n z n , \z\ > R. (2) 

n=l 

Next, suppose that K\ and K 2 are two non-polar compact subsets of C with the 
same capacity and the same conformal centroid. Defining the potentials gj(z) = 
f K log \z — £| dfiKj (C)> from © it follows that 

00 

9l {z)-g 2 {z) = -Re^2b n z- n , (3) 

n=2 



where b n = a n {K\) — a n {K 2 ) and the series converges for \z\ > R when M(R) 
contains both K\ and K 2 . Thus gi(z) — g 2 {z) = 0(z~ 2 ) at 00, and also, g\ and 
g 2 are bounded on compact subsets of C. It follows that the function 

/oo 
[gi(x + iy) - g 2 (x + iy)]dy, x£R, 
-00 

is well defined as an absolutely convergent integral, and is continuous on M. (To see 
the continuity, split the defining integral into two parts: inside and outside the disk 
M(2R). Outside the disk, g\ — g 2 is represented by the absolutely and uniformly 
convergent series (©, and hence the integral is continuous in x. Inside the disk, one 
can first write down the definitions of g\ and g 2 as potentials, and then use Fubini's 
theorem and integrate the logarithmic kernel with respect to Lebesgue measure on 
the vertical segment inside the disk. This eliminates the singularity, and thus this 
part of the integral is continuous in x too.) 

Note that for each complete vertical line T not passing through we have 
/ r z~ n dz = 0, n > 2. With ®, this implies 

w(x) = 0, |a?| > R. (4) 

To prove Theorems Q] and |2j we shall make use of the following formula. 

Formula. Suppose K\ and K 2 are compact non-polar subsets of C having the 
same capacity and the same conformal centroid, and contained in M(R). 
Then for each a > R and each function (ft £ C 2 (M), we have 

' (f)(Re z) dfiKi (z) — [ 4>(Re z) dp>K 2 ( z ) = — / w{x)(ft" {x) dx. 

Ki ' JK 2 27r J -a 

Proof. For a > R, b > R let Q = [—a, a] x [—b, b]. In the sense of distributions, 
we have Ag = 2ir hk in C, where K denotes K\ or K 2 and g denotes g\ or g 2 . 
See HH, Theorem 3.7.4. For ip £ C 2 (C), Green's formula gives 

2-7T / ip d[ix = \ iftAgdxdy 

Jk Jq 



gAiftdxdy+ / {ipd n g - gd n ift}\dz\ 
8Q 
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where d n denotes outer normal derivative. Thus, 



2vr{ / tpdfi Kl - / ^dfi K2 } 



(gi - f/ 2 )AV> dxdy+ / {^d n (gi - g 2 ) - (gi - g 2 )d n ^}\dz\ 
JdQ 

Write z = x + iy and take ip(z) = 4>{x). Then 

2ir{ <j>(x) d/i Kl (z) ~ / (/}(x) dfx K2 (z)} 
Jk x Jk 2 



(gi- 92){z)(f)"(x)dxdy + / {<j)d n (gi - g 2 ) - (gi - g 2 )d n <j)}\dz\. 

Q JdQ 

Fix a > R and let b — > oo. Since gi(z) — g 2 (z) = 0(z~ 2 ) and V[gi(z) — 
52(2)] = 0(z~ 3 ) as z — > 00, the integral over Q tends to f" w{x)4>" (x) dx and 
the boundary integrals over the horizontal sides tend to 0. 

Write Q = Q(b) to show the dependence on b and denote the right hand vertical 
boundary side by dQ + (b). Then by (O, 



lim / (gi - g 2 )d n (j)\dz\ = -0'(a)Re / V"&„(a + iy) n dy. 

b ^°°JdQ+(b) J R ^ 2 

The last term equals 4>'(a)w(a) which, by (0]), is 0. Thus, 

lim / (gi - g 2 )d n (j) \dz\ = 0. 

b ^°° JdQ+(b) 

The three other vertical boundary integrals likewise have limit zero. The formula 
is proved when a > R. By continuity, the formula also holds for a = R. □ 

Our proofs of Theorems Q] and [2] will make use of the following lemmas. 

Lemma 2.1. With K\, K 2 as in the Formula, suppose that S is a vertical strip 
—00 < 71 < Re z < 72 < 00. If fiK 1 (S) = then w(x) is concave on (71,72)- If 
//x 2 (5) = then w(x) is convex on (71,72). 

Proof. Assume /j,k 1 {S) = 0. Let be a nonnegative C 2 function on M with 
compact support in (71,72)- Take a G R so large that a > R and (71,72) C 
(—a, a). Then in the Formula, the integral over K\ is zero. Since <p > and 
Hk 2 ^ 0' tne Formula implies that 

/a p2 
w{x)(j)" {x) dx = / w(x)(j)"(x) dx. 
-a J 71 

Since w is continuous on R, the 1-dimensional version of Weyl's Lemma 
or 10, p. 127 shows that w is concave on (71,72). The proof is similar when 

VK 2 (S)=0. □ 
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Lemma 2.2. Suppose that a function u is subharmonic in the upper half plane TL, 
is continuous on TLUM and satisfies u(xq) > u{z)forallz E TL and some xq G R. 
Then 

limiDf "(xo)- M (x + »y) >a 
y^0+ y 

Proof. Let D be the open half disk TL n B(x ,e). Then u{x) < u(xo) for all 
x G [xo — e, xo + e] and -u(z) < u(xq) for all z in the circular part of dD. Let v 
solve the Dirichlet problem in D with boundary values u. Then t> is nonconstant 
on dD, hence nonconstant in D. Also, sup 9£) v = v(xq), and so by the strong 
maximum principle, v(xo) > v(z) for all z G D. By Hopf 's Lemma, as stated at 
the top and bottom of 0, P-34, the lim inf in Lemma [2721 is positive for v. Since 
u < v in D, the lim inf is also positive for u. □ 

3 . Proof of Theorem [l] 

Let K be a compact subset of R. We assume also that cap(/T) = 1 and that the 
conformal centroid of K is at the origin, f K z d/j,K(z) = 0. 

Recall that L = [—2, 2]. Then cap(L) = 1 and the conformal centroid of L is at 
the origin. We shall apply the considerations of $2] with K\ = L and K2 = K. 

Write G = g\ and g = g2 for the respective Green's functions of L c and K c 
with poles at 00. The function w(x) introduced in $2]is defined on R by 

w{x) = / [G(x + is) — g(x + is)] ds, x G R. 
Jr 

/•oo 

w(x)=2 [G(x + is) - g(x + is)]ds, x G R, 
Jo 

by symmetry of G and g in the real axis, recalling that K, L C R. 

As observed in Jj2j w is continuous on R and satisfies w(x) = for |x| > R, 
where R is so large that K and L are contained in M(R). 

Let <fi : R — > R be convex. The second distributional derivative of is a non- 
negative Borel measure on R; call it v. Via approximation, one sees that the For- 
mula in §2 generalizes to 

/ (f)(Rez) dfiL(z) — I 4>(Re z) dp,x{z) = — [ wdv. (5) 
Jl Jk 2?r Jr 

Thus, to prove the inequality in Theorem [T] it suffices to prove that 

w(x) < 0, x G R. 

To accomplish this, we solve the Dirichlet problem in TL with boundary values w 
on R (and boundary value at infinity), and call the resulting function w(z) = 
w(x + iy)- Then w is continuous onHUR, equals on the real axis near infinity, 
and tends to as z — > 00 in TL. Moreover, we will show w has the representation 



Hence 



poo 

w{z) = 2 / [G(x + is) — g(x + is)] ds, z = x + iy ETlU 

J V 



(6) 



MOMENT INEQUALITIES FOR EQUILIBRIUM MEASURES 



7 



To see that this representation is valid, call the function on the right w. Then, see 
©, w is bounded and continuous on TL U R, and equals roonl and tends to as 
z — > oo in H. Further, g and G are harmonic in TL (since K, L C R), from which 
it follows that = 2(G y — <?,,). Also, differentiation of {« twice with respect to 
y gives = 2(g y — G y ). Thus u; is harmonic in TL. By uniqueness of solutions 
to the Dirichlet problem in the halfplane, we have w = w. 

As just noted, © gives the identity 

w xx (z) = 2[G y (z) - g y (z)], z £TL, 



and also gives 
Set 



w y (z) = 2[g(z) - G(z)}, zeTL. (7) 
M = sup w. 

HUR 

Then M > 0, since w{x) = for |x| > R. Suppose that M > 0. Then by 
continuity of w and the strong maximum principle there exists xq € R such that 
w(xq) = M and w(z) < w(xq) for each z £ TL. There are two possible locations 
for xq. 

Case 1. xo € (— oo, —2] U [2, oo). Since is supported on [—2, 2], Lemma |2T1 in 
^implies that w is concave on each open bounded subinterval of (— oo, — 2], hence 
is concave on (— oo, —2]. Since w(x) = for all x < —R, it follows that w < 
on (— oo, —2]. So if xq G (— oo, —2], then M = 0. Similarly, if 2 < xo < oo then 
M = 0. This contradicts our assumption that M > 0, and so Case 1 cannot occur. 

Case 2. xq E (—2, 2). Since u> is harmonic in H, Lemma |2T2~1 implies that 

liminf W(X0) -" ( " + ^ >0. (8) 

y-*0+ y 

On the other hand, w(xo + iy) is a continuous function of y on [0, oo) and is 
differentiable on (0, oo). By the mean value theorem, for each y > there exists 
y* G (0, y) such that 



W(X ) - W(X + M/) 



-w y (x + iy*) 

= 2[G(x + iy*) - g(x + iy*)\ by© 

< 2G(xo + «y*) since 5 > 

-> 

as y — > 0+, because xq £ L and G = on L. This contradicts ([8]), and so Case 2 
cannot occur. The inequality in Theorem[T]is proved. 

To prove the strict inequality statement, assume K \ L has positive capacity. 
Since g is harmonic in C \ supp fix and is nonnegative and nonconstant there, we 
have by the strong minimum principle that g > on C \ supp Recalling that 
g = on K \ E for some polar set E, we deduce K \ E C supp ^k- Hence, if 
supp hk C [—2, 2] then K \ E C [—2, 2] = L, which implies K\L C E is polar, 
meaning K\L has capacity zero in contradiction to our assumption. Therefore 
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supp/^A' ^ [—2,2], so that some t > 2 exists with either fj,K([t,oo)) > or 
fiK ((— oo, —t]) > 0. Say the former holds. Take <f)(x) = (x — t) + in ((5]>. Then 
the distributional second derivative of 4> is the unit point mass at t, so that 



w(t) = -2vr / (x - t) + dn K {x) < 0. 

Thus, w is nonconstant in the closed upper half plane, and also w < as we saw 
above. 

If w(x) = for some x £ L, then we can rerun the Hopf's lemma argument 
in the proof of Case 2 to get a contradiction. So, u>(x) < at every x E L. If 
is convex on R and not linear on L, then the corresponding measure v satisfies 
v ((— 2,2)) > 0. Formula © implies J L 4>(Re z) d/j,L(z) < f K 4>(Re z) dfix{z)- 
□ 

4. Applications of Theorem Q] 

This section contains three direct applications of Theorem [T] They are related to 
the properties of Green's function and its derivatives, as well as to the asymptotic 
zero distribution of polynomials. 

4.1. Pointwise bounds for Green's function and its derivatives. Suppose as be- 
fore that K C R is a compact set, cap (K) = 1 and f K x d^xix) = 0, where \ik 
is the equilibrium measure of K. Recall that g denotes Green's function of C \ K 
and G denotes Green's function of C \ L, with poles at oo, where L = [—2, 2]. 
Then the equilibrium measure of L is given by dfii = dx/(iry/4 — x 2 ), and 
G{z) = log \z + Vz 2 - 4| - log 2. 

Corollary 4.1. Let xq £ R, xo > 2, be fixed. For any set K as above, with 
max K < xq, we have 

d m g d m G 

-( x o) < (xq) when m > is even, (9) 



dx m dx 
Q m g d m G 

g-^(xo) > "^r( x o) when m > lis °dd. (10) 
Furthermore, if zq = xq + iyo and maxi'T < xq — \yo\, then 

g(z )<G(z ). (11) 
Equality holds in (l9l- (ll II) if and only if K\L has zero capacity. 

In words, inequality (O with m = says that the Green's function of K c is 
smaller at xq than the Green's function of L c , which is reasonable since K is more 
spread out than L and thus contains points closer to xq. 

Clearly, one can consider xq < —2 by symmetry, and make corresponding ad- 
justments in the above corollary. 

Proof. Recall that g(z) = f K log \z — s\ d^x(s). Since maxi^ < xq, we have 
that g £ C°° around z = xq, and 

d m g 

[xo) = 

IK 



dx r 



(x )= / (-l) m+1 (m-iy.(x -s)- m dv, K (s), m£N. 
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Note that the integrand can be extended to a strictly convex function of s € R, 
for odd m € N. Hence Theorem Q] gives (flOl ). Similarly, the integrand is strictly 
concave for even m > 0, so that we obtain the reversed inequality (©. 

For zq = xo + iyo, we have 

g{ z o) = \ I lo g((>o - s) 2 + yl)dn K {s). 
1 Jk 

Thus the integrand is a strictly concave function of s for s < xq — |yo|, and (fTTTt is 
again a direct consequence of Theorem [TJ 

For the case of equality, suppose cap (if \ L) = 0. Then hk{K \ L) = (since 
otherwise the restriction of /i^ to if \ L would give a finite energy), and so hk is 
supported in L. Hence g is harmonic in C \ L, so that g — G is harmonic in C \ L. 
Because g — G is nonnegative on L and equals zero at infinity, the strong maximum 
principle implies g — G = 0, so that equality holds in (l^-(fTTI). On the other hand, 
if cap(iv~ \ L) > then strict inequalities hold in (l9t-([TTI) by TheoremQ] □ 

4.2. Means of zeros of polynomials. This part is inspired by the problem on the 
smallest limit point for the arithmetic means of zeros for polynomials with integer 
coefficients and positive zeros, considered by Schur [19] and Siegel l20l . They 
gave lower bounds for the arithmetic means of zeros, which improved the standard 
arithmetic-geometric means inequality. 

We consider certain extremal polynomials on the real line here. The number 
theoretic aspects of the problem for integer polynomials will be treated in a separate 
paper. 

Let K C C be an arbitrary compact set. It is well known that for any monic 
polynomial P n of degree n, we have ||P n ||i^ > (cap(-fT)) n , where the norm on K 
is the supremum norm (cf. HI). Thus a sequence of monic polynomials P n , n £ N, 
is called asymptotically extremal for the set K if 

lim ||P„||]/ n = cap(iv'). 

n— >oo 

This class includes many polynomials orthogonal with respect to various weights 
on K, and polynomials minimizing various L p norms; see (H and 11211 for numer- 
ous examples. Among the classical families on the real line, we mention Legendre, 
Chebyshev and Jacobi polynomials (normalized to be monic). Asymptotically ex- 
tremal polynomials have interesting asymptotic zero distributions. Let {otk,n}k=i 
be the zeros of P n . Define the counting measure for the set {ctk,n}k=i D Y 



1 n 



n 

where 5 ak n is a unit point mass at ak : n- If if C R, cap(-fT) ^ 0, and the P n are 
asymptotically extremal for K, then the r n form a sequence of positive unit Borel 
measures that converge in the weak* topology to the equilibrium measure of K; 
see Theorem 1.7 of (H p. 55]. The definition of weak* convergence states that 

lim / fdr n = / / d/i K 
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for any continuous function / on C. This enables us to obtain information on the 
limiting behavior of means of zeros of P n . In particular, we have the following 
result stated for K normalized by cap(iv~) = 1. (The case of arbitrary capacity can 
be reduced to this by a linear change of variable.) 

Corollary 4.2. Suppose that <j> : C — > R is continuous, and 4> is convex on R. 
Assume that K C R is compact, cap (IT) = 1 and J K x d/j>K(x) = 0. IfP n , n £ 
N, is a sequence of asymptotically extremal polynomials for K, then we have for 
the ^-arithmetic means of their zeros that 

1 " f 
lim - V" </>(a fc n ) = / <p(x) dp, K (x) (12) 



k=l 



K 



Jl J-2 vtv4 — x z 

IfK \ L has positive capacity and the restriction of (ft to L is not a linear function, 
then strict inequality holds. 

In particular, if 4>{x) = \x\ m , m € N, then 

om r(m/2 + l/2) 



£(\x\ 



0Fr(m/2 + l)' 



because the change of variable x = 2t x / 2 reduces the integral for 
integral. Hence £(\x\) = 4/tt and i(x 2 ) = 2. 

Proof. Since 4> is continuous on R, the first equality in (fT2l follows from the weak* 
convergence of r n to \ik- The inequality (and when it becomes equality) is imme- 
diate from Theorem Q] □ 

We also state a version of this result for polynomials with positive zeros. 

Corollary 4.3. Assume cj) : [0, oo) — > R and that 4>(x 2 ) is convex on R. Suppose 
K C [0, oo) is compact and cap(K) = 1. If P n , n £ N, is a sequence of asymp- 
totically extremal polynomials for K, and if each P n has all its zeros positive, then 

1 -J 1 ^ f Z" 4 4>(x) dx 

lim - y2(f>(a k n )= / 4>(x)d/i K (x) > / , =: £+((()). 

n ^oo n _y Q xy/x(A - x) 

IfK\ [0, 4] /las positive capacity and the restriction of 4>(x 2 ) to [0, 4] is not a linear 
function, then strict inequality holds. 

In particular, setting <p(x) = x m , m S N, gives 

: x m dx 1 • 3 • . . . ■ (2m - 1) 



i + {x m ) 



Iq 7Ty / x('i - X) ml 

The first few values of £ + (x m ) are 2 for m = 1, 6 for m = 2, and 20 for m = 3. 
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Proof. The proof is essentially the same as for Corollary 14.21 For the inequal- 
ity, one should apply the change of variable x = t 2 and define the compact set 
\[K = {t G R : t 2 G K}. Then yK is symmetric about the origin, so 
that f^td/j, ^{t) = 0. Furthermore, d\i ^j?(t) = dfixit 2 ), t G yK, and 
cap(VTT) = 1; see HE p. 134]. Now apply TheoremfUto \[K. □ 



A consequence of Corollary 14.31 is that we also have information on the as- 
ymptotic behavior of the coefficients of P n . For example, if P n (x) = x n + 
a n - 1>n x n ~ l + . . . + a ,n = IVk=i( x ~ a k,n) then a n _ iin = - Y2=i a k,n- Hence 

lim n — = — xdfiK(x) < —2 
n-*oo n J K 

under the assumptions of Corollary 14.31 with equality for K = [0, 4]. 

4.3. Equilibrium measure and Green's function when K is the union of sev- 
eral intervals. Let K = U J=1 [aj, br], where a\ < b\ < a 2 < 62 < • • • < a at < 
&at are real numbers. Define the function R(z) = Yl i=1 (z — ai)(z — &/). Consider 
the branch of \jR(z), satisfying lim^oo y / R(z)/z N = 1, which is analytic in 
C \ (Jz=i [ a h bi]. For future reference, we describe the values of yj R{z) on the real 
line: 



y/\R(x)\, x > b N , 

(-l) N+l iy /\R(xJ \, ai<x<b h l = l,...,N, 

h <x<a l+1 , l = l,...,N-l, 

(-Ifvlli, *<ai. 

(13) 

Here, the values of \J R[x) for x G \JiLi[ a hh] are the limit values of yjR{z) 
when Im z — > + . 

When K = L= [-2, 2], then J£(z) = z 2 - 4 and for -2 < 2 < 2 we have 

dx dx 

dHL{x) 



7rv4 — X 2 TTiy / R(x) 

We give the following explicit representation for the equilibrium measure of the 
set K (see also ETJ and fl23l ). 

Proposition 4.4. Let K = U^i [ a /> h] C R TTiere exists a polynomial T(x) = 
—x N ~ l + . . . G Rjv_i[a;], smc/j f/zaf f/ze equilibrium measure of K is given by 

dix K (x) = x G (J [a,, 6,]. (14) 

iriy/R(x) 

Furthermore, when N > 2we haveT(x) = —\\^~Y{x—Zj)withzj G Oj+i), j 
1, . . . , JV — 1, arcc? 

^ a + 6 iV ~ 1 
xdp, K (x) = V] — ~ VI z l- ^ 

K 1=1 1=1 

For the proof of Proposition 14.41 we need the following simple lemma. 
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Lemma 4.5. Let K = U^ =1 [ai, b{\. For any XJv-1 G Rjv_i[a?], we Ziave 
1 /• T N ^(t)dt _ f 0, *€U£i(ai,&0> 



™ 7x (t - z)V^(t) I Iiv-i(z)//R(i), z G C \ if , 
where the integral is understood in the Cauchy principal value sense. 

We remind the reader that when tel, a/ R(t) is defined to be 

lim s ^ + \/R{t + is). 



(16) 



Proof of Lemma W3\ For z € C \ if define f(z) = Tjv-i(z) / WR(z). It is easy to 
see that the limit values of y i?(z) as z tends to a point of if from above and from 
below are negatives of each other, so the same is true for /. Thus, with obvious 
notation, 

/(z+) = f(z) = -f(z-), z G if. (17) 

Consider a contour T which consists of N simple closed curves, one around 
each of the intervals [ai, b{\, and located close to those intervals. Then 

1 "M.*- /w 



2iri Jy t 

for z in the exterior of T, and for z G if the integral equals zero. 
Taking z G C \ if , letting V shrink to if, and using (fT71) . we obtain 



eft, z G if c , 

x t - z 

as asserted by the Lemma. 

Next, take z G U^-^cty, 6/). The existence of the Cauchy principal value at z 
for the function / follows from the results in Chapter 2 in [8], which also contains 
a discussion of Plemelj 's formula. This formula asserts that the Cauchy principal 
value satisfies 

1 r /(*) M f(z+)+f(z~) _ „ 



■ dt = J , zeuf^M). 

7TZ j^- t — z z 
By (frTl) . the right hand side is zero. This completes the proof of the lemma. □ 

Proof of Proposition \4l\ We shall deduce flU) from Lemma 1431 Select T(t) = 
^2f=o l CjP G Rjv-i[t] so that it satisfies the following equations: 

a; +! T(t) dt ^ P+ 1 P dt 



and 



1 /■ T(t) (it _ ^ ty f P dt 



Til 



1. (19) 



The polynomial T(i) is defined by these equations uniquely, because the corre- 
sponding homogeneous system of linear equations (with zero on the right of (fT9l), 
in the coefficients Cj of T(t), has only the trivial solution. Indeed, let Th(t) be a 
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nontrivial solution of this homogeneous system. Since the sign of \/R(t) is con- 
stant on each (bi,ai+%) by (TT3T ), Th(t) must change sign on each [fy,a; + i], I = 
1, . . . , N — 1, by (TT8T ). Hence Th(t) has a simple zero in each (6;, a/ + i), Z = 
1, . . . , N — 1, and its sign alternates on the intervals [a^ b{\, I = 1, . . . , N. (Note 
that the same is true for T(t).) It follows from £[3]> that T h (t) /(my/R{t)) doesn't 
change sign on if, contradicting 

l_ f T h (t)dt =Q 

Thus T(i) exists and is unique. In addition, the above argument and (fl9T ) show that 
T(t) / (niy^Rjt)) keeps positive sign on if, that is, (fl4l) actually defines a positive 
unit Borel measure on if. 

As in the proof of Lemma R31 set / = T/yfR. Let 

h(z) = — [ dt, z G C. 

7T2 J K t - Z 

Then h is the Cauchy transform of fix in C and is the Hilbert transform of 
fix on R. It is easy to see that / G L P (R) for each 1 < p < 2. From M. 
Riesz's conjugate function theorem (see for example Stein- Weiss |[22l "). it follows 
that h G W (R). 

From Lemma R31 we see that /i = on if except at endpoints, and h = f on 
if c . Define 

u(*) = - / (log|z-t|)/(t)dt. 
in Jk 

Then n is continuous on C and u x = — Re h in the open upper half plane. Since 
h G L P (R), the function h{- + iy) converges to h(-) in L P (R) when y — > 0+, and 
hence converge to /i in L 1 (ai, 6jy)- Thus, for x G [a\, b^], 

f x 

u(x + iy) — u(a% + iy) = — Re / + iy) dt 

J ai 

px rx 

- Re / dt = - h{t) dt. 

J a\ J a\ 

The last equality holds because /i = on K and h = f with / real in the gaps 
between the intervals of K. Combining this description of h with (fT8T >. we see that 
if x G if then the last integral is zero. Since u(x+iy) — > u(x) as y — > 0+ for all x, 
we conclude that u is constant on if. Then Frostman's theorem and the uniqueness 
of the equilibrium measure imply that f{x)/(m)dx = T(x) dx/(m^ R{x)) is 
the equilibrium measure for if. 

We now show that the leading coefficient of T is —1. Observe that (fl6l) gives 
for z = and Ijv-i(x) = a^" +1 that 
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Also, recall that near infinity 

a\-i/2 la 

1-- =1 + -- + .... 

zJ 2 z 

Therefore, we have the following Laurent expansion at infinity 

.TV - N 



l + ^(a, + &,)- + •••■ (20) 



Applying the same argument as in the proof of Lemma 14.51 and evaluating the 
residue at infinity by d20l) . we obtain 

i r t N ~ l dt i r z N - l dz 



77/ 



K yjRit) 2TTi J\ Z \ =T yjR(z) 



-1. 



Hence ( fT9l > gives cjv_i = —1. Similarly, we have 



If x N dx If x N 1 dx 

xdfi K (x) = :/ + CAr_2- 



N , JV-1 

Eaz + h sr~^ 
2 ^ ZZ ' 

i=l Z=l 

because = S/lT 1 ^- ^ 

We remark that the zeros of the polynomial T are exactly the critical points of 
the Green's function g(z, oo, K c ) for the domain K c = C\K, with pole at infinity. 
Indeed, we have for g(z, oo, K c ) = f K log \z — t\ dfix(t) — log cap(K) that 

1 f T(t)dt T(x) m . „ 

g x (x,oo,K c ) = — v ' , = p==L, x£R\K, 

by ( fT6l ). Moreover, g y (z, oo, K c ) is zero on R \ K and is never zero on C \ R. 

Thus we can obtain interesting information about location of the critical points. 
For the background material on the critical points of Green's function see Chapter 
VII of Walsh GU. If K = [01,61] U [02,62] and \bi - a\\ = |6 2 - a 2 |, then 
it follows by an elementary symmetry argument that z\ = (61 + 02) /2. Also, if 
1 61 — ai| > 1 62 — 02I then > (61 + a%)/2. But the location of critical points 
becomes difficult to predict for three or more intervals. 

The following inequality gives information on the average position of the critical 
points in terms of the midpoints of the gaps between the intervals of K. 

Corollary 4.6. Let K = \jf =l [ai,br] C R satisfy cap(if) = 1. With the above 
notation, we have 

N-l 



+ ai+i \ . „ b N - ai 
Zi > 2 



^ V 2 7 - 2 

z=i v 7 

where the sum is interpreted to he Ofor N = 1. Equality holds above if and only if 
K is a segment of length 4. 
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Proof. We consider the integral f K x dfixix), and observe that translating the set 
K by a constant c£R changes the integral by adding c. Hence we may assume that 
a\ = 0, and must show that f K x d^x(x) > 2, with equality only for K = [0, 4]. 
Define \[K = {t £ R : t 2 G K}. Then, as in the proof of Corollary @3J is 
symmetric about the origin, f^x d\x ^(x) = 0, and cap(\/^) = 1- Moreover, 



f f N a + b N ' 1 

t 2 dfi^ w (t)= xdfi K {x) = V 1 - - V zi 

JVk Jk l^i 2 i=i 

by ( fl~5l ). Applying Theorem [T] with = t 2 , we obtain that 

with equality possible only if = [-2, 2] and if = [0, 4]. □ 

Using higher moments will give more complicated inequalities involving the 
endpoints of K and zeros (or coefficients) of T. 

5. Proof of Theorem E] 

Let if be a compact connected subset of C with cap(if ) = 1. The connectivity 
of K implies that each boundary point of the domain K c is regular for the Dirichlet 
problem in K c , which, in turn, implies that the Green function of K c is continuous 
inC. 

We shall assume also that the conformal centroid of K is at the origin. That is: 



z dfiK(z) = 0. 
Then by Theorem 1.4 of |[T5l p. 19], we have 



K C 

Recall that L = [—2, 2]. Then cap(L) = 1 and the conformal centroid of L is 
at the origin. We shall apply the considerations of $2] with K\ = K, if 2 = L and 
R = 2. 

Write g = g\ and G = 52 for the respective Green's functions of K c and L c 
with poles at 00. The function w(x) is defined on R by 

w(x) = [g(x + is)-G(x + is)]ds, x£R. (21) 
Jr 

By the Formula in $2j to prove Theorem[2]it suffices to prove that 

w(x) < 0, 

To accomplish this, we shall extend w to a certain function w{z) which is subhar- 
monic in the upper half plane TL. 

For sets Bel, let E b denote the complement of E in R: 

E b = R \ E. 
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Also, let \E\ denote the one-dimensional Lebesgue measure of E, and for y > 0, 

let 

i{y) = [-y,y\- 

For bounded BcR with \E\ = 2y and x G R, set 

w(x,E)= / [t E b(s)g(x + is) — tjf y \b(s)G(x + is)]ds 
Jr 

= w(x) + / G(x + is) ds — / g(x + is)ds, 

Jl(y) JE 

where 1 denotes a characteristic or indicator function. The asymptotic behavior of 
g and G (discussed in © ensures that the first integral is absolutely convergent. 
The second equality follows from (|2TT) . 
Now take z = x + iy G H, and define 

w(z) = sup w(x, E), (22) 

E 

where the sup is taken over all bounded measurable BcR with = 2y. 

For each x, we have g(x + is) > and lim^i^oo g(x + is) = oo. The analysis 
on p. 149 of (2l is applicable to —g(x + is) as a function of s, and shows that for 
each y € [0, oo) there exists a set E C R with \E\ = 2y for which the supremum 
of — f E g(x + is) ds over all E with = 2y is attained. Note the minus sign in 
— g. Moreover, there exists a number t > such that {s G R : (7(3; + is) < t} C 
-E C + is) < t}, and E is bounded. We shall denote such a maximizing set 
by E(z). Then 



J [1 E ^b (s)g(x + is) - l /(y)b (s)G(x + is)] ds (23) 
= u>(x) + / G(x + is) ds — / g(x + is)ds (24) 

' Je(z) 

= / [5(3; + is) - G(x + is)] dx (25) 
■/[*[>» 

+ / g(x + is)ds— / (/(x + is)ds. 

Je(z) 

The following lemma provides information on the maximizing sets E{z). 

Lemma 5.1. With the situation as above, there exist positive constants b and k 
depending only on K such that whenever z = x + iy G TC: 

(a) if y > b then E(z) = I(y) + t = [—y +t,y + t],for some t with \t\ < k/y; 

(b) ify <bthenE{z) C [-26,26]. 

Proof of Lemma \5A\ By ©, we can write 

g{z) =\og\z\+h{z) (26) 
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where h is harmonic outside B(2). The conformal centroid of K is at the origin, 
and so the coefficient a\ in (0 equals 0. Thus, h satisfies \h(z)\ < ||z| -2 and 
|V/i(z)| < | \z\~ 3 for \z\ > 3, for some positive constant k. 

From g y = y\z\~ 2 + h y , it easily follows that there exists bo > 3 such that 
g y (x + iy) > whenever y > by and g y (x + iy) < whenever y < —bo. 

Now we establish two estimates: 

\g( Z )-g(z)\<^\z\- 2 , (27) 

g{z + it) - g{z) > \ty\z\- 2 - -^z[~ 2 , (28) 

when z = x + iy £ Ti,\z\ > 3 and t G (0, |z|]. The first estimate is obvious from 
(l26l ). The second follows similarly, because Re(it/z) G (0, 1] and so 

log\(z + it)/z\ > log(l + Re(it/z)) > -Re(it/z) = ^ty\z\~ 2 . 

Moreover, there exists a number b > bo > 3 such that g(x + is) > g(x + 
iso) whenever |s| > b and |so| < bo, as we now show. For |x| < 3 one just 
takes b large enough that maxs g < min^ <3 g(x ± ib) where So = [—3, 3] x 
[—bo, bo], recalling here that g is continuous and finite in the plane. For |x| > 3, 
one estimates \g(x + is) — log \ x + is\ \ < \x~ 2 and uses concavity of the function 
1 1 — > log jjrn,t £ [0, oo), together with mono tonicity properties of g; note that for 

our purposes, t = x -2 G (0, 1/9). Details are left to the interested reader. 

Now fix x G K and visualize the graph of p(s) = g{x + is). The function p is 
strictly increasing on [b , oo), strictly decreasing on (— oo, — b ], and p(s) > p(so) 
for every |so| < bo and \s\ > b. For a > 0, write E'q, = {s : p(s) < a}. Then i? Q 
is a maximal set of measure \E a \. Set ao = min{p(— b),p(b)} and yo = ^\E ao \. 
Then i? Qo is a single interval which contains [—bo, bo], and t/o < Given y > b, 
there is a unique a > ao such that |S a | = 2y. Then S(x + iy) = E a , and this 
also is a single interval containing [—60, bo]. These facts imply that E(x + iy) has 
the form [— y + t, y + 1], where |t| < y — bo- Further, the maximality of E(x + iy) 
and continuity of y imply that p(— y + t)= p(y + t) = a. 

Take z = x + iy G TL with y > b. Suppose the number t in the previous 
paragraph is nonnegative; the case t < is handled analogously. Let zi = z + 
it, zi = z + it. Then 

It y |z|- 2 -^|- 2 <g(z 2 )-g(z) bym 

< g(z 2 ) - g(z) + j\z\~ 2 bym 

k 

< g(z 2 ) - g(zi) + -r\z\~ 2 since g(zi) = a < g(z) 



4 



k t 
4 |Z| 



because g{z 2 ) = g{z\) = a as above. Hence ty < k, proving part (a). 
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To prove (b), take z = x + iy £ Tt with y < 6, and let E{z) be a maximizing set 
for z, so that |i£(z)| = 2y. Suppose E(z) intersects the interval (26, oo) in a set of 
measure e > 0. Then the set [0, 2b}\E(z) has measure at least e. Since g(x+iso) < 
g(x + is) when < so < 26 < s, we can strictly decrease J E r z \ g{x + is) ds if 
we move E(z) n (26, oo) into some subset of [0,26] \ E(z). This violates the 
definition of maximizing set, and shows that E(z) cannot intersect the interval 
(26, oo) in a set of positive measure. Similarly it cannot intersect (— oo, — 26). 
Thus E{z) C [—26, 26], after possibly deleting a set of zero measure from E. 

□ 

Here now is the main ingredient in the proof of the theorem. 
Claim, w is subharmonic in TL. 

Let us carry out the proof of Theorem [2] assuming the claim. 

Firstly, the function w is continuous on TL U R. It is continuous also at infinity, 
because w(z) — > as z — ► oo in TL, as we now show. From (|25T ) it suffices to show 
that 

lim / [g(x + is) — G(x + is)] ds = 
*-*°°J\.\>v 

and 

g(x + is)ds— / g(x + is) ds \ =0. 

H(y) Je(z) J 

The first is a simple consequence of ©. The second follows from Lemma I5TT1 
when y > b use part (a) of the lemma, and then decomposition d26l ). and when 
y < 6 with \x\ — > oo, use part (b) of the lemma and then decomposition d26l ). A 
key fact for the latter case is that |i£(y)| = |^(y)|- Details are left to the reader. 
Continuing now with the proof of Theorem 2, set 

M = sup w, 




where the supremum is finite because w is bounded at infinity. Note M > 0, since 
from $2]we know w(x) = for \x\ > 2. 

If M > 0, then by continuity of w and the strong maximum principle, there 
exists xq G R such that w(xq) = M and w(z) < w{xq) for each z G TL. Since 
K is connected, its orthogonal projection onto the real axis is a single interval 
[ci, C2], and since K C B(2) we have [c\, C2] C [—2, 2]. By Lemma I27TI w(x) is 
concave on every bounded subinterval of (— 00, c%), hence is concave on (— 00, c\). 
Similarly, w is concave on (02, 00). Since w(x) = for |x| > 2, we must have 
w < on R \ [ci, C2]. Thus xo G \c\, c^]. Since xq is a maximizing point for w, 
Lemma [2721 implies we must have 

liminf W(X0) -" (X0 + ^ >0. (29) 

y-»0+ y 

On the other hand, from (T24l ). we see that for y > 0, 



w(xq) — w{xq + iy) = / 5f(xo + is) ds — j G{xq + is) ds. (30) 

lE{x +iy) Jl(y) 
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Since E{xq + iy) maximizes integrals of —g, for each y > and for each bounded 
Ed with \E\ = 2y we have 

0< / g(x + is)ds< / g(x + is)ds. (31) 

JE(x +iy) JE 

Further, because xq E [ci,C2] there exists sq G R with xo + iso G i<C, so that 
g(xo + i^o) = 0. Taking E = [sq — y, sq + y] and using continuity of g, we see 
from ([3B that 

lim - / g(xo + is) ds = 0. 

2/ JE{x +iy) 

Similarly, G(xq) = 0, and hence 1^11^0+ | Jj^) G(xq + is) (is = 0. Thus, by 
d30]), 

w(x ) - w(x + iy) 
lim = (J, 

2/^0+ y 

which contradicts (|29l ). 

We conclude that M > is impossible, and so M = 0, meaning u; < in "HUM. 
This completes the proof of the inequality in Theorem [2 modulo the Claim. 

To prove the strict inequality statement in the theorem, let K be a compact set 
satisfying the hypotheses of Theorem [2] which does not coincide with L. Then K, 
which is contained in B(2), cannot contain the points —2 or 2, because if it did 
then it would equal [—2, 2] = L by the equality case of |[T5l Theorem 1.4]. Hence 
—2 < c\ < C2 < 2. The argument that gave w(t) < for some t > 2 in the proof 
of Theorem Q] works again here, except with K and L interchanged, producing that 
w(t) < for every t E (-2,2) \ [c 1 ,c 2 \. 

Now we show w(t) < for every t G [ci, C2]. Suppose instead that w(xo) = 
for some xq G [01,02]. Note w < is not identically zero in TL, by the preceding 
paragraph, and so w < in TL by the strong maximum principle. Now rerun the 
argument used above to rule out the case M > 0, to obtain a contradiction. Hence 
w < on [ci, c 2 ]. 

We have shown w < on (—2, 2), and so formula (f5]) (with K and L inter- 
changed) implies the strict inequality that 



4>(Re z) dfiK(z) < / 4>(Re z) d^iL(z), 
Jl 

when <j) is convex on E and is not a linear function on [—2, 2]. 

Proof of the Claim. Fix z = x + iy <E Tt. Let -E^z) be a corresponding maximal 
set of measure 2y, as in (l24l . For brevity, we'll write 

and also 

m = i- 

Then (l23l says 

= / [l s6 (s)(/(x + is) - l /6 (s)G(x + is)]ds. (32) 
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Take p G (0, y). To prove subharmonicity of w it suffices to show that w(z) is 
less than or equal to the mean value of w over the circle with center z and radius p. 
The function g is subharmonic in C and G is harmonic in C \ [—2, 2]. Thus 

1 f n 

g(x + is) < — / [g(x + is + pe %4> ) + g(x + is + pe~^)] seK. 
27r Jo 

If |s| > y, then equality holds when g is replaced by G. Substitute the inequality 
and equality into (|32~1) . and switch the order of integration on the right. This gives 
the inequality 

2irw(z) < / [J(0) + J(-<t>)]d(f>, (33) 
J o 

where 

J(c/>) = / [l Eb (s)g(x + is + pe^) - t Ib (s)G(x + is + pe^)] (is. 

Fix G [0, it] and set e = psin <fi. In J(0), substitute 

x + is + pe 1 ® = x + pcos (j) + i(s + e), 
then make the change of variable t = s + e, and integrate over E. We obtain 

•^(0) = / [l.EHeWs^ + pcos <f> + it) — tjb +€ (t)G(x + pcos 4> + it)] (it. 

The same equation holds when <fi is changed to — <p and e to — e. It follows that, 

for (j) £ [0,7r], 

J(0) + J(-<£) = / {[l Eb+e + (t)$(a; + pcos <j) + it) 

- + l/i>_ e ](t)G(x + pcos 4> + it)} dt. 

The argument on the top half of p. 148 of [2] shows that for our set E = E(x + 
iy) and for < e < y there exist bounded measurable sets A and B in R such that 

|A|=2(y + e), |B| = 2(y - e) and 

l E+6 + l E - t = 1 a + 1b- 

Using 1^ = 1 — 1^6, etc., one sees that this equation also holds when the four 
sets are replaced by their complements in R. Furthermore, {E ± e) b = E b ± e, and, 
recalling that / = /(y), one can check directly that l/b +e + l/i>_ e = l/(j /+e )i> + 
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ti( y - e )b. Thus, 

JO) + J{-4>) 

{[l A b + t B b](t)g(x + pcos <j) + it) 

~ [l/(y+e)* + 1 I(y-e)»]i t ) G ( x + P cos <P + * 

[l^b(t)5(j; + pcos 4> + it) — lj( y+€ }b(t)G(x + pcos + it)] (it 

+ / (t)g(x + p cos + it) — l / (j / _ e )6 (t)G(x + p cos + it)] dt 

< w(x + pcos (ft + z(y + e)) + w(x + pcos <fi + i(y — e)), 
by the definition of w as a supremum, in (l22l) . Substitution in (|33T > gives 

/*7T 

27rw(z) < / [w(x + pcos (j) + i{y + e)) + w(x + pcos </> + i(y — e))] d(j) 
Jo 

[w{z + pe**) + w(z + pe~^)] 

recalling e = p sin 0. Thus, w satisfies the sub-mean value property at z, and the 
Claim is proved. □ 

6. Moments involving | z \ 

In Theorem|2]we obtained sharp upper bounds for moments of the form J </>(Re z) dpx {z), 
where K is a continuum satisfying certain hypotheses. In this section, we again 
take K to be a continuum, and seek sharp upper bounds for moments of the form 
f K (j)(\z\) dpK(z). It turns out to be convenient to state the results in terms of 
<ft(log \z\) instead of </>(|z|). 

Let K be a compact, connected subset of C that contains the origin, and satisfies 
cap(if) = 1. As before, let K c = C\K. Also, set = {z G C : 1/z G K c }. 
Then the plane domain f2 is the image of the unit disk B(l) under a function / 
belonging to the class S of univalent analytic functions (conformal mappings) in 
the disk with /(0) = and /'(0) = 1. See, for example, HI. The Koebe one- 
quarter theorem asserts that $7 = /(B(l)) contains the disk IB (1/4), so that 

K C 1(4). 

The interval 

£=[0,4] 

satisfies all our assumptions on K, and shows that the "4" on the previous line is 
the smallest possible constant. 

As in $2) let g(z) = J K log \z — £| dfixiC) be the Green's function of K c with 
pole at oo. From (O, we have 

oo 

g(z) = log | z | - Re^2a n z~ n , \z\ > 4, 

n=l 
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where a n = rT 1 f K £ n d^K- From the expansion, it follows that 



— / g(re i9 )d6 = logr, r > 4, (34) 



1 

^- I g r (re l0 )d6 = r -1 , r > 4. (35) 

Z7T 



— 7T 



Next, we give a representation of logarithmic moments of fix in terms of inte- 
grals involving g. 

Proposition 6.1. Assume that K C C is compact and connected, with cap (if) = 
1. Suppose 4> G C 2 (R) ?J constant near — oo. Then for each R> Awe have 

[ 0(log \z\) dfi K (z) = — [ g(z)(j)" (log \z\)\z\~ 2 dxdy 
Jk Z7r Jm(r) 

+ <p(log R) - (/.'(log R) log R. 

Proof. As in the proof of the Formula in we start with 2-KfiK = Ag, then 
apply Green's formula to the integral on the left, this time in the disk M(R). Set 
tp(z) = (p(log\z\). Then tp is constant on circles, and from (l34l and (l35l) the 
boundary terms have the form stated. Also 

AiP(z)=0"(\og\z\)\z\- 2 1 

so the integral over M(R) has the form stated. □ 

Our Theorem [2] takes K to be conformally centered. Our next theorem drops 
that assumption, assuming instead that K contains the origin and proving that the 
logarithmic moments are maximal when K equals the segment L = [0, 4] with one 
endpoint at the origin (rather than L = [—2, 2], which is centered at the origin). 

Let G denote the Green's function of L c with pole at oo. 

Theorem 6.2. Suppose K C C is compact, connected, contains the origin, and 
has cap(iT) = 1. Then for every convex function <p : R — > R, we have 

0(log \z\)dp, K (z) < l<j)(log\z\)dni(z). 

K J L 

This result is due to Laugesen [11, Corollary 6]. We give below a brief version 
of that proof, relying on Baernstein's result on integral means. 

Proof. When <fi is linear, the theorem holds with equality because 

/ log |^| dfi K (z) = g(0) = 
Jk 

(and similarly for L), using that G K by hypothesis and that every point of K 
is regular for the Dirichlet problem in K c . For general convex 4>, we can reduce 
by approximation to the case where <fi is linear near — oo, and hence to the case 
where <p = near — oo. Then by mollification we may further assume (p is smooth. 
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Then by Proposition 16- 1 1 to prove Theorem 16.21 it suffices to show that for every 

r 6 (0,oo), 

g(re ie )d6 < [ G{re w )d6. 



As noted in the second paragraph of this section, there is a function / in the 
class S which maps B(l) onto the domain !] = {z £ C : 1/z £ K c }. Denoting 
the Green's function of Q with pole at by g(z, 0, O), the conformal invariance of 
Green's functions shows that 

g(z,0,n)=g(l/z), zeC. 

Let Q,, f and G(z, 0, $7) be the correponding objects for L. Then SI = C \ [1/4, oo) 
and f(z) = H^_ z yi , the Koebe function with omitted set on the positive real axis, 
and 

g(z,0,to) = G(l/z), zeC. 
Thus, the conclusion of Theorem 16.21 will hold if for every r G (0, oo), 

g( y re i9 ,0,n)de < g(re id , 0, 0) d9. (36) 

-7T J —TV 

But this inequality is true, since it is the special case <p = it in inequality (35) 
of 0. (The functions called there u*(re tn ) and v*(re l7T ) equal the left and right 
sides of (l36l >. respectively.) Theorem l6.2l is proved. □ 

Corollary 6.3. Suppose that K C C is compact, connected, contains the origin 
and satisfies c&p(K) = 1, and in addition that K is symmetric with respect to the 
origin. Then for every convex function (f> : R — > M, we have 

4>(log\z\)dfi K (z) < / 4>(log\z\)dfi L (z). 

K J L 

Here, as before, L = [—2, 2]. 

Proof. To prove the Corollary, use the same construction as in the proofs of Corol- 
laries |43] and [43] That is, let K = {z 2 : z G K}. Then K saisfies the hypotheses 
of Theorem 16.21 and /is is the push forward of \ik by the map z ^ z 2 . Thus by 
Theorem [ 



4>(\og \z\) dfj, K {z) = j_4>[ ^log \z\ ) dp, R (z) 



K JK 

- Jz^ {\ log d ^ z ) = J L ^( lo s \ z \) d ^ L ^ z ] 



The inequality in the middle is justified since 4>(^ •) is convex. Corollary 16.31 is 
proved. □ 

There are strict inequality statements for Theorem 16.21 and Corollary 16.31 for 
which we refer to ifTTTl . 

To get a closer parallel to Theorem [2l it would be nice if in Corollary 16.31 we 
could drop the symmetry assumption on K and replace it by the much weaker 
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assumption that the conformal centroid of K is at the origin. But the example 
below shows that no such result can exist. 

Example. Hayman [ 8 , p. 262] built on work of Jenkins ifTUl and showed existence 
of a map f(z) = z + Y^=2 A n z n in the class 5 for which A 2 = and M(r, f) ~ 
c(l — r)™ 2 as r — > 1, where M(r,f) = maxg \ f(re l8 )\ and c is some positive 
constant. Let K = {l/z : z ^ /(B(l))}. Then K is compact and connected, 
contains the origin, and cap(-ftT) = 1. The Green's function g(z) = g(z, 00, K°) is 
related to / by g(z) = log where / _1 is the inverse function of /, 

from which one calculates that 

ai = -A 2 = 0. 

We saw in $2] that a\ is the conformal centroid of K, and thus the conformal cen- 
troid of K is 0. 

The behavior of M(r, /) as r — > 1 implies that M(r,g) ~ cir 1 / 2 as r — > 0. 
Since 5 is subharmonic in C, it follows that g is majorized in any disk by its Poisson 
integral over the boundary. Thus, 



csr 1 / 2 <M(r,g) < J- J g(2re 



On the other hand, the Green's function G of L c satisfies M(r, G) < c%r for all 
r G [0, 00). We conclude that 

g{re ie )d6> I G(re id )d8, re(0,r ), 

J — n 

for some ro G (0, 1). 

Take a smooth, convex <fi which is constant on (—00, 21ogro), strictly convex 
on (2 log ro, log ro), and linear on (log ro, 00). Then Proposition 16.11 gives 



<p{\og\z\)dn K {z) > / <p(log\z\)dfi L (z), 

IK JL 

which is the reverse of the moment inequality we might have hoped would be true. 

This example shows the full analogue of Corollary 16 . 3 1 does not hold if the sym- 
metry constraint is relaxed to the centroid constraint. We now propose a substitute, 
"averaged" result. Assume that K is compact, connected, contains the origin, has 
cap(-ftT) = 1, and also satisfies the centroid constraint 



z dnx(z) = 0. 

IK 

Then, as noted in fj5l K C B(2), and thus the formula in Proposition 16. H is valid 
for all R > 2. Fix R > 2, and define 

I(r) = I(r, K) = ^-J 7T g(re ie ) d6, r G [0, 00), 

J(r) = J(r,K) = J R I(t,K)j, re[0,R]. 
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Conjecture 1. Suppose K C C is compact and connected with cap(iv") = 1, and 
that € K and the conformal centroid of K lies at the origin. Then for all R> 2 
we have 

J(r,K) < J{r,L), re[0,R]. 
An equivalent inequality is 

/ g(z) \z\~ 2 dxdy < / G(z)dxdy, r£[0,R]. 

Jr<\z\<R Jr<\z\<R 

Since I(r,K) = logr for r > 2, by (l34l >. it follows that I(r,K) = I(r,L) for 
r > 2 and hence another equivalent inequality is 

/ [g(z) - G(z)]\z\~ 2 dx dy < 0, rs[0,oo). 

J r<|z|<oo 

There is still another equivalent version of Conjectured] involving functions 4>, 
which we'll call Conjecture [2 

Conjecture 2. Suppose K C C is compact and connected with cap(iv") = 1, 
and that G K and the conformal centroid of K lies at the origin. Then for all 
functions (j) £ C 1 (M) such that both (f> and (j)' are convex, we have 



4){\og\z\) d^ K < I <j>(log\z\)dp, L . 

K J L 

To see the equivalence, first reduce to the case of smooth <p with <fi = near 
— oo, by arguing as in the proof of Theorem 16.21 Then go to Proposition 16. 1 1 and 
express the integral over B(i?) in polar coordinates, and integrate it by parts with 
respect to r. The resulting formula is 

/ <f>Q-Og\z\) dp, K (z) 
Jk 

"R 



[ <p'"(log t)^dt + 0(log R) - 0'(log R) log R, 
Jo 1 



where R > 2. Now it is immediate that Conjecture Q] implies Conjecture [2 As for 
the converse, one need only take <p(t) = [(t — logr) + ] 2 , noting = near — oo 
and (/)"' is a positive point mass at log r. 

To conclude, we describe two special cases of Conjecture|2]which have appeared 
in the literature as separate conjectures. 

The first concerns the class So of all univalent meromorphic functions F in the 
exterior B c of the unit disk B, with F(z) = z + 0(z^ 1 ) as z — > oo. The function 
Fq{z) = z + z^ 1 belongs to So, and maps the exterior of the unit disk onto the 
domain L c = C\ [-2,2]. 

Conjecture 3 (Pommerenke El). If F e S and G K = F(W) C , then 
i- r \F(e w )\ de<±T \F (e i6 )\ d9 = ±. 
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The best known estimate flU is ^ f^ n \F(e ie )\ d9 < 4.02/vr. One would like 
to replace 4.02 by 4. 

Note in Pommerenke's Conjecture that cap(iT)= 1 and K satisfies the other 
hypotheses of Conjecture [2 Moreover, dp,K is the harmonic measure of K c = 
F(M C ) at oo and ^ is the harmonic measure of B c at oo (see HH). By conformal 
invariance of harmonic measure, we have 



1 

2^ 



\F(e id )\d0 = I \z\dfiK, 

K 



i- J* \F (e ie )\d9 = J \z\diM L . 

Thus if Conjecture [2] is true with 4>{x) = e x , then so is Pommerenke's Conjecture. 
Incidentally, the case 4>{x) = e 2x of Conjecture |2] says 

\z\ 2 dfi K < / \z\ 2 dfi L , 

IK JL 

which is equivalent as above to 

1 l"" i 



2vr 



I" \F(e ie )\ 2 d6<— r \F (e ie )\ 2 d6 = 2. 

J-tt 27T J-n 



This case of Conjecture|2]can be proved as follows: write F(z) = z+Yl^Li b n z n 
and observe 



- J jF(e i0 )\ 2 d6 = l+J2\bn 



n=l 

oo 

< l + ^n|6 n | 2 

n=l 

< 2 

by the area theorem |[i~5l Theorem 1.3] . Clearly equality holds if and only if 
\b%\ = 1 and b n = for all n > 2, which means A' is a rotate of L. 

The second special case of Conjecture |2] concerns norms of polynomials. Let 
Mk be the smallest number M such that 

m 

H\\ Pj \\ K < M n \\p\\ K 

3=1 

for all polynomials p of degree n > 1 and all polynomials pi , . . . , p m such that 
rijli^j = P- Here || • \\k denotes the sup norm on K. The constant Mk was 
evaluated in [ 16 ] as 



M K 



exp ^ log d K (z) dfi K (X 
cap {K) 
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where cLk{z) = maxjgx \z — 1\ is the farthest point distance function for K. (Fur- 
ther properties of dx have been studied by Laugesen and Pritsker |fl2f. and Gar- 
diner and Netuka EH).) 

The following natural extremal conjecture for Mk was stated in Pritsker and 
Ruscheweyh's paper iMTl : 

Conjecture 4. For all compact connected K C C with more than one point, we 
have M K < M L . 

The constant Mk is invariant under similarity transformations, and so when 
studying the conjecture it suffices to assume cap (if ) = 1 and that the conformal 
centroid of K lies at the origin. 

Assuming in addition that K contains its conformal centroid, the authors of ifTTIl 
showed that Mk < (1.022)M^. In the direction of the conjectured sharp bound 
(with constant 1), they observed 

\ogM K < / log(2 + \z\)dn K {z), 
Jk 

with equality when K = L. 

Now, the function <j>(t) = log (2 + e*) is convex on E, and cj>' is convex on 
(— oo,log2]. Replacing <p on (log2,oo) by an appropriate quadratic, we obtain 
a function <p which, along with its derivative, is convex on all of R. Suppose 
Conjecture [2] is true. Then the inequality in it holds with <fi in place of <fi. Moreover, 
K C B(2), and so the integrals are the same for <f> and 4>, which would establish 
Conjecture |U 
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